I. Introduction
In the study of the distribution of zeros of polynomials and entire functions the techniques used, roughly speaking, fall into three categories" analytic, geometric and algebraic. In this paper, which represents the first portion of a two-part investigation, we will attempt to exploit the advantages of all three techniques. In Section 2 we will introduce a novel geometric tool (see also [3] ) to prove results which, for the most part, are intractable by algebraic or analytic methods. In addition, the geometric theorems are generally stronger than their algebraic counterparts which are derived as corollaries.
In the extensive literature dealing with the location of zeros of real polynomials (and real entire functions) a significant role is played by linear transformations T which possess the following property: ( In [19] P61ya and Schur also established the following transcendental characterization of these sequences. THEOREM 1.7. Let F {Yk}=0, Y0 0, be a sequence of real numbers. Then in order that F be a multiplier sequence of the first kind it is necessary and sufficient that the series O /k X k converge in the whole plane, and that the entire function (x) or (-x) can be represented in the form (1.8) I,(x) ce YI ( 
Zc(F[f]) < Zc(f)
for all real polynomials f(x). In [4] we have shown by means of an example that (1.10) need not hold if F is assumed to be a multiplier sequence of the second kind.
In Section 2 we give a new proof of inequality (1.10) (see Theorem 2.4). In addition, the geometric methods we use in Section 2 enable us to extend an important theorem of P61ya [16] on the reality of roots of polynomials (Theorem 2.5 and Corollary 2.6).
In abstract field theory, n-sequences were first introduced by Craven in [1] . These sequences are defined as follows. DEFINITION 1.11. Let F {')/0, ')/n} be a sequence of real numbers.
Then F is called an n-sequence of the first kind if for every polynomial f(x) of degree less than or equal to n and with only real zeros the polynomial F[f(x)] also has only real zeros.
If in the above definition we add the stipulation that all the zeros off(x)
are of the same sign, then F will be called an n-sequence of the second kind. Since for the most part we will be dealing with n-sequences of the first kind, we will use, for the sake of brevity, the term n-sequence to mean n-sequence of the first kind. In Section 4 we (1) establish several results concerning extendibility of n-sequences, (2) provide some concrete examples of n-sequences, (3) raise some open questions and (4) use n-sequences to provide an equivalent formulation of an open problem involving zero-diminishing transformations.
Geometric Results Concerning Polynomials
In this section we will (1) extend several results of [3] , [4] and generalize a theorem of P61ya 16], (2) give a new proof of the Fundamental Inequality for multiplier sequences of the first kind (see [4] ) and (3) provide two sufficient conditions for a given sequence {y0, y,} to be an n-sequence. We will conclude this section with some results involving multiplier sequences of the first kind and the simplicity of zeros of certain polynomials.
We will follow, as much as possible the nomenclature used in Walker's book Algebraic curves [21] . In particular, we use the term component to refer to an irreducible factor of the curve F(x, y)=-b,xf(')(y), k=O where f(x) is a real polynomial and bk R. Since we deal only with the real points of a not necessarily irreducible algebraic variety, we require a term to refer to the individual parts of the curve F(x, y) 0, even though these parts need not be components, or even connected components since two parts may intersect. For this we shall use the word branch. Classically, the branches are only defined in a neighborhood of a point on the curve [7, p. 39] where they have the usual analytic meaning. We shall use the word branch in the following global sense: the branch of the curve F containing a given point on the curve is obtained by travelling along the curve in both directions until reaching a singularity or returning to the starting point; at a singularity travel out along the other arc of the same local branch on which you arrived. Thus the branches are the "pieces" into which a circuit in the projective plane [7, p. 50 ] is broken by removing the line at infinity. We shall see below that the branches in which we are most interested will always go to infinity in both directions. Finally, in compliance with the usual custom in algebraic geometry we will count all roots, branches and components with their multiplicities.
The following theorem is proved in [ The previous theorem generalizes a similar theorem of P61ya [16] in which he uses the more restrictive hypothesis that h(x) has only real zeros. It also gives a partial generalization of the Hermite-Poulain theorem [15, Satz As immediate consequences of Theorem 2.5 we obtain two conditions, each of which is a necessary condition for a given sequence {y0, yn} to be an n-sequence. COROLLARY 2.6. Let {Y0, ')/n}, ')/k > 0, be an n-sequence and letf be a polynomial of degree at most n with only real zeros. Then the polynomials In [ . ,Yo) has a multiple root at x x0. But then there exists an arbitrarily small change in the coefficients of h(x) such that (1) the multiple root at x0 can be assumed to be a double root, and (2) the double root will become a pair of nonreal roots. Since yk > 0, this can be accomplished by varying the factors fk)(Yo). Moreover, a sufficiently small change will keep the nonreal roots of f nonreal and keep the real roots both real and simple. Thus we may assume that F(x, y) has a branch which crosses the y-axis at two distinct points. Now if we approximate (x) by g. , then, for sufficiently large n, the qualitative behavior of this branch will be the same; that is, there will be a branch which crosses the y-axis at two distinct points. Since g,,(x) has only real roots, this contradicts [3, Theorem 2.3]. Therefore h(x) cannot have a multiple root x x0. Finally, we consider the intersection of the branches of F(x, y) 0 with the line y 0, obtaining the polynomial F[f(x)] = F(x, 0). ff we compute the slopes of the asymptotes to the curve as in the proof of Theorem 2.5, we see that they are all either negative or infinite. Thus, each branch of the curve which crosses the yaxis (at a real root off) also crosses the x-axis in at least one point, giving rise to at least one root of F[f] of odd multiplicity. 3 . The Theory of n-Sequences In the course of our investigation of n-sequences, we will provide here several characterizations of these sequences (Theorem 3.1, Theorem 3.4, Theorem 3.16 and Corollary 3.21). While multiplier sequences and n-sequences have many properties in common (Lemma 3.2), there are some major differences (see also Section 4) which account for the intricate character of many n-sequences. Indeed, it appears that for n-sequences there is no direct analogue of the transcendental characterization of the multiplier sequences of the first kind (see Theorem 1.5). Nevertheless, our strategy will be to focus our attention on (e) The sequence {k03/0 kn3/n} is an n-sequence, where A {h0, hn} is any n-sequence.
Since Lemma 3.2 follows from Theorem 3.1 and the arguments presented in [2] , we will omit the proof here. In light of part (b) of the lemma, in the sequel we will frequently assume that the terms Yk of an n-sequence are nonnegative.
Our next immediate goal is to show that the conditions (a) or (b) of Corollary 2.6 are both necessary and sufficient for a sequence F {y0, Yn} to be an n-sequence. To this end our investigation will be focused on the class of polynomials )'k x k whose Taylor coefficients {3/0, Yn} form an n-sequence. The most obvious examples in this class of polynomials are (1) the polynomials which have only real negative zeros and (2) the n-th Taylor polynomials associated with functions of type I in the Laguerre-P61ya class. We hasten to add, however, that the examples just cited by no means exhaust the class of polynomials whose Taylor coefficients form an n-sequence (see Corollary 3.8 and Section 4). As we shall see below, a complete description of the distribution of zeros of the polynomials in this class is, in general, very difficult. Indeed, it is for this reason that for n-sequences there seems to be no direct analogue of the well-known transcendental characterization of multiplier sequences of the first kind. On the other hand, we will show below that some of the problems surrounding the above class of polynomials will become tractable if we take into account the similarities that exist between the linear operators D d/dx and F, where F is a multiplier sequence of the first kind or more generally F is an n-sequence. (These similarities were studied in [4] for multiplier sequences of the first kind.)
Preliminaries aside, we shall first recall the following classical result due to Walsh [22] (see also Marden [13, p. 81]). (3) If both f(x) and g(x) have only real zeros, then it follows from Theorem 3.3 that h(x) also has only real zeros. To see this we note that every zero x0 of h(x) has the form x0 c + /3j for some j and some c C, where C is a circular region which contains all the zeros off(x). Now apply the theorem to the circular regions {zllm z < 0} and {zllm z > 0}. .,, also has only real zeros.
Thus we see that Theorem 3.4 supplements the above theorem since our theorem applies to the case when the degree of the polynomial f(x) is less than or equal to n.
We shall next show that if a real polynomial f(x) of degree n has all its zeros in a double sector S, whose vertex is at the origin and whose angle opening is sufficiently small, then the Taylor coefficients of f form an nsequence. The precise formulation of this observation is as follows. am+n} is an n-sequence. The second assertion of the theorem follows directly from P61ya's 4/3-Theorem [18] .
We shall next provide a new proof of Corollary 2.6 part (b). Moreover, we shall show that condition (b) of Corollary 2.6 is both necessary and sufficient for a sequence {y0, /,}, 7k > 0, to be an n-sequence. .
has only real zeros for all f in ,.
Proof. Suppose ,n k=0 akX k is any real polynomial of degree n, then
We note also that this inequality can also be expressed in terms of the differential operator 0 -.
x(x 1) (x k+ 1).
Then the following statements are equivalent.
(a) (b) (c) F is an n-sequence.
Zc((O)f(x)) 0 for all f in n.
The sequence {(0), (n)} is an n-sequence.
Proof. We conclude this section with a few remarks concerning n-sequences of the second kind. (A sequence F {')t 0 ']In} is an n-sequence of the second kind if for any real polynomial f(x), deg f(x) < n, all whose zeros are real and of the same sign, the polynomial F[f(x)] has only real zeros.) Several of our results in this section extend, mutatis mutandis, to n-sequences of the second kind. There are, however, major differences between these two types of sequences. Indeed, in [4] it was shown that there is a multiplier sequence F of the second kind and a real polynomial f(x) such that z(r[f(x)]) > Z(f(x)). In contrast to this phenomenon, if F is an n-sequence of the first kind which extends to a multiplier sequence of the first kind, then by Theorem 2.4 Z(F[f(x)]) < Z(f(x)) for any real polynomial f(x) of degree less than or equal to n.
Finally, we shall also mention here the connection between n-sequences of the second kind and a 50-year old conjecture of P61ya [17] in the theory of the distribution of zeros of real entire functions. Let 
Extendibility and Examples
We begin this section by presenting some necessary conditions for a given n-sequence to be extendible to an (n + 1)-sequence (Theorem 4.1).
We have seen in Section 2 (Proposition 2.7) that if shows that the polynomial g"-3)(x) has two nonreal zeros for all sufficiently large values of a. This is the desired contradiction and whence the assertion of the theorem follows. As an application of Proposition 4.5 we shall prove the following result (see also [4, Theorem 6] ). 0, then, as we have seen above, the argument is easy and so we shall also assume that Ym+ 13/m+2 0. Let Thus, the argument used in (a) shows that 2(x) /meXp{/m%Tn+ IX} and a fortiori (x) has once again the required form. Thus the proof of the theorem is complete.
We shall next cite a few examples which not only elucidate the differences that exist between multiplier sequences of the first kind and n-sequences, but also reveal some of the more surprising features of n-sequences. To begin with we shall consider the following natural question. Does every nsequence satisfy the Fundamental Inequality? That is, if F is an n-sequence and if f(x) is any real polynomial of degree n, then is it always true that Z(F[f]) < Zc(f)?
Although the results presented thus far tend to suggest an affirmative answer to this question, one of the most perplexing facts about n-sequences is that, in general, they do not satisfy this inequality. We shall state our answer to the above question in the form of an existence theorem. Since the existence of the example called for by Theorem 4.8 does not appear to be transparent we will include here the following specific illustration. An affirmative answer to the last question posed suggests the following problem. For each positive integer n, n > 2, let c(n) inf {m > n for all m-sequences F and for all real polynomials f(x) of degree n, Z[F[f]) Z(f)}. Is c(n) < o? It is easy to see that c(2) 2 and c(3) 3, while Example 4.9 shows that c(4) > 4.
Finally, we shall conclude this paper with an application of the theory of n-sequences. Let F be a linear transformation defined on polynomials by with the eigenvalues X real, k 0, 1, 2, In [11, p. 382 ], Karlin raised the following question" When is a sequence ho, h, )t, a zero-diminishing sequence; that is for which transformations T is Z(T[f]) Z(f) for all real polynomials f, where Z(f) denotes the number real zeros off counting multiplicities. In [5] the authors provided a complete answer to this question and they raised the problem regarding finite sequences {)to, X} which are zero-diminishing for all polynomials of degree at most n. An equivalent formulation of this problem is given by the following proposition, which takes on added significance in view of Example 4.9. degree.
